8.15-8.30
8.30 — 8.45
8.45 —10.00
10.00 - 10.30
10.30 - 11.00
11.00 - 13.00
13.00 - 14.00

14.00 — 16.00

Tentative program

Group work — Discuss questions and prepare a talk of definitions
Question :10to 18

Group wise presentation

Numerical modelling and formulation of finite difference equations
Break

Numerical modelling and formulation of finite difference equations
Exercises 2

Implementation of boundary conditions

Exercise 2
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Questions

How is the saturated zone defined

What is an aquifer?

What is an aquitard?

What is an unconfined aquifer?

What is a confined aquifer?

What is a conceptual model?

How is specific storage defined ?

How is specific yield defined?

How is storage coefficient defined?

What is hydraulic conductivity?

What is the difference between hydraulic conductivity and permeability ?
What is transmissivity?

What is the typical range for hydraulic conductivity for sand?

What is the typical range for hydraulic conductivity for clay?

How is hydraulic head defined?

What is the Darcy velocity?

What is the pore water velocity?

Which two equations is joined in the governing equation for groundwater flow?
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Mathematical basis for groundwater flow

The equation of continuity equation combined with the
Darcy equation

2 2 2
ah+K athKZ(’ah—R:S @

K
“ox? Y oy’ 0z° > ot

Ke Ky, K, - hydraulic conductivity
h - total head

R - Sink/source term

Sq - Specific storage



Numerical models

Finite difference modeller:

T = . . . . & P
Aquifer boundary i ] T ——
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T
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rectangular cells N

g Well field location
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e Aguifer boundary




Numerical models

Finite element models:




Numerical models

Spatial discretisation - consider:

* Purpose of modelling

e Variations in hydraulic head (Near well fields, rivers, faults, etc.)
 Geological layers

e Locations of well fields

 EXxchange with rivers

 Computational resources

Discretisation in time - consider:
* Purpose of modelling
 Head/flow variation at boundaries
 Timescale of involved processes



Description of Finite Difference equations for 3D groundwater flow

hij k+1
hij+1.k
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Description of Finite Difference equations for 3D groundwater flow

Equation of continuity:
In - out = Asto

At(Q; -Q; +Q, -Q; +Q, —Q; —R)=Asto

The Darcy equation:

n+1 n+1
hi,j,k o hi—l,j k

Q= Ky AyAz
h_n-_l-l _h_n-_i—l
Q, =——I= Ay"’_l’k KY,; i1, AXAZ
h_nJ_rl _h_n_+1
- i,k i,j,k=1
Q, =-— e Kz _y AXAy

n+1 n+1
hi+1 ik hi ik

Q =—— ’Ax — KX,y | KAYAZ
hn+1 h-nJ-rl

Q;/— _ i, j+1, kAy .k Kyi’j+%’kAXAZ
hn+1 h_m_—l

Q, = IJk+1Az LIk KZ, | 2, AXAY



Description of Finite Difference equations for 3D groundwater flow

Effective conductivity on the cell edges :

2 2
KXi—yz,j,k - 1 1 KXi+y2,j,k - 1 1
+ +
KX 1k KXk KXk KXk
2 2
Kyi,j—yz,k =1 1 Kyi,j+y2,k ] 1
+ +
KYiian  KYiix KYiiax  KYijx
K dz; ;. +dz; Kz dz; ;.0 +0dz;

Z. . = ,
hikh dz, j k-1 dz, ik
dk P

KZi,j,k—l I<Zi,j,k l<Zi,j,k+l l<Zi,j,k

Storage:

n+1 n n+1 n

h"= —h". h"~= —h".
Asto = 0 TIK gAyxAy = LIK LI g AzAXAY
At At




Description of Finite Difference equations for 3D groundwater flow

Equation of continuity and the Darcy equation

hir,]}r,lk B hin—+1,1j,k Kx A hin++1,1j,k B hir,]}r,lk B In]rlk B ir,]il,k hir,]}ril,k B hir,];lk
Ay iy KAYAZ + Ay KX,y j (AYAZ Ay KYi j-y  AXAZ + Ay KY;, 3, AXAZ
M NRG  ay, Mike h e M
A7 iik-y y + A7 Kzi,j,k%AxAy R = At S{AXAYAz

U
AYAZ \, .. AYAZ \, .. AXAZ |, .. AXAZ ), ..
(Kxi+%,j,k ijhiﬂ,lj,k + (Kxi— 5.0k ijhi—l,lj,k +£Kij+y,k y]hi,jil,k + (Kyi,jyz,k jhi,jll,k

+ (KZ AXijhir,]}—,lknLl + (Kzi,j,k— A)(ijhln;rlkl

NN %Az
AyAz AyAz AXAZ AXAZ AXAY AXAy S AXAYAZ ), .,
+ (_ KXi 1, i« Ax Xis1,ik Ax Yii-yk Ty_ KYi isyk Ty_ Kz, |y Az Kz, | iy N At h]

=R- LAY S.AXAyAy
At P
U

n+1 n+1 n+1 n+1 n+1 n+1 n+1
Ahi e +Bh D +Ch + Dhy + BN + Fhy L +Ghy = H "



Description of Finite Difference equations for 1D groundwater flow

Equation of continuity and the Darcy equation

h_n+1 . h_n;l h_n+1 . h_n+1 h_n+1 . h_n

- =L Kx. [ AyAz + 1+t - KX..,AyAz - R = - " S.AXAVYAzZ
AX -1 y AX i+ y S y
U
AXR h"t —h"

—(th™ —h" )Kx. . +(h""' = h" )Kx. , — = L S.AXAX

( i i—-1 ) i-1 ( i+1 i ) i+ AyAZ At S
U

S.AXAX
n+1 n+1 n+1
(Kxn%)”m + (Kxi—%)”i—l + (_ Kxi—% N Kxi+% N SAtjhi
=R Ax _h SAXAX
AyAz At

U

Ah"t+Bh" +C.h"' =D,

1+l i
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Description of Finite Difference equations for 1D groundwater flow

The n finite difference equations:
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n+1

1 ik = constant
Implementation of boundary conditions Hk

Prescribed head or Dirichlets condition h'e hiTi hi
(surface water body, measured groundwater head) _

] a9/ ik T ik
1D FD equations  )

n+1 n+1 n+1 n+1 n+1 n
UNTSRUENTISY L AYAZ+ Nivnine = Mgk ey L (AYAZ ER = LVRLY S AXAYAzZ
AX =l AX e At

Yroax and  /(AyAz) 1

n+1 n+1 n+1 n+1 AXR _ hln]r o hirjj
o (hi,j,k o hi—l,j,k)KXi—%,j,k + (hi+1,j,k o hi,j,k)KXiJr%,j,k o AyAz - At SSAXAX
U

S.AXAX
n+1 n+1
(Kxi+%,j,k)ni+1,j,k + (_ KXi—%,j,k - KXi+%,j,k - At jhi,j,k
A X hir,]j,k n+1

=R AyAz — At SAXAX — (Kxi_%,j,k)ni_l,j,k
U

All known terms

Ah.””j,k + Chi”j,lk =

1+1,
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Boundary conditions

PRESCRIBED FLUX OR SECOND KIND OR NEUMANN'S CONDITION
Groundwater divide or streamlines imposing

0 no-flux or fixed flux conditions

\¥ SEABRLR
R By
AR vkt
DR AN,

-
L]
O

bl
48
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Boundary conditions
Prescribed flux or Neumann’s condition h!ie ik BT
(Groundwater divide, subsurface inflow/outflow, etc.)

n+1 n+1
hiJ,k'_ hi—l,j,k

Ay = Ay KX ., jkAyAz = constant

1D FD equations

n+1 n+1 n+1 n
Minie TNy Ayaz- R = P Mg Aayaz
AX e At

Qi_oy i [T
U

AX h'.

n+1 n+1 __ i, ],k
(KXi+%,j,k)”i+1,j,k - (Kxi+%,j,k)1i,j,k =R AyAZ T At SAXAX|— dis s i
U

Ah-n+1j,k + C ir,]_j'_’lk \

1+1,
All known terms
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Boundary conditions

SEMIPERMEABLE OR THIRD KIND OR CAUCHY’'S CONDITION

) adjacent groundwater systiems

." .‘.l" l -
"' }‘f‘r\'b.'h"{"’:'

':é;f% \"}i.‘.jfﬂ&;gb}: \ %ﬁ{gj‘% ﬁ"%‘:{‘&w‘

4
\& b s‘-*'x

‘l ‘f}w ;}\lk‘ i"*\:\'lk’iﬁkﬁgt' ' % !I'ii"?'sr-'

= = =w e @ Mmodel boundary

Surface water with semipe

pable bed
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Boundary conditions

Semipermeable or Cauchy’s condition
(Leakage between aquifers, surface water — groundwater flow, etc.)

q.., = ( ntl T H LL%/ Surface water elevation
b 'k 1 17— | eakage coefficient

1D FD equations

n+1 n+1
qi—l/z, j.k qi+1/z, j.k

h_n+1 hn;l h_n+1 _ h_n+1 h_n+1 hn
KX AyAz + L Kx ., AyAz =R -HC(h" —H " ))AxAy|= 1 S_AXAYyAz
AX %Y AX ey Y (' ' )A y At y
U
AXR AXAX| h"t —h"
. h_n+1_h_n+1 KX- 1 hn+1 hn+1 - —C h_n+1_ H_n+1 — i i S AXAX
( i i-1 ) i-% ( i+1 ) |+A AyAZ ( [ i ) Az At S
U
. . AXAX | SAXAX )\, hi1
O e (e S e sva) |

Ah"*? .+ Bh Nl Chir";lk =D 17

i+1, ], -1, ],
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